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Abstract: This paper develops three frameworks – a conceptual one, a theoretical one and an 

instrumental one –  for sustainable finance. The academic  literature reveals an insufficient conceptual 

distinction between sustainable finance, green finance and green financing. Their use as  

interchangeable terms  leads to modelling issues and undermines the coherence of the paradigmatic 

framework. In this regard, the research proposes a taxonomic and structural differentiation between 

these concepts, based on a original methodology for conceptual definition and delimitation. On this 

basis, the Theory of Viable Sustainable Finance (TVSF) is formulated, which argues that viability is a 

necessary condition for persistence over time, and that persistence over time constitutes a necessary 

condition for sustainable finance. To operationalise the theoretical framework, a Model of Viable 

Sustainable Finance is presented and developed, built on an entropic approach to the ESG vector 

system. Within this model, the thermodynamic entropy generated (or, equivalently, the exergy 

destruction), social entropy operationalised via the Theil index, and informational entropy as defined 

by Shannon are associated with the three ESG pillars, whilst the ESG scores for each pillar are treated 

as empirical proxies for these entropies. The model captures the normative and structural 

interdependencies and trade-offs between the ESG pillars, establishes the analytical conditions for the 

existence of a steady state in the ESG entropic system, determines the critical threshold of the norm in 

relation to the viability frontier of each pillar, and establishes the viability frontiers for each individual 

ESG pillar. 

Keywords: Sustainable Finance; Green Finance; Theory of Viable Sustainable Finance; Model of 
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1. Introduction 

In academic circles and beyond, there is increasingly intense discussion about the economy’s transition 

towards sustainability, which has led to a significant expansion of sustainability research focused on 

ESG (Environmental, Social and Governance) criteria; consequently, sustainable finance has become 

an important area of contemporary research. What stands out in the academic  literature is that 

sustainable finance does not yet have its own paradigm in the Kuhnian sense (for a discussion of the 

concept of paradigm, see Kuhn, 2012), and the concept of sustainable finance is insufficiently defined 

ontologically (Lagoarde-Segot, 2019). An ambiguous concept makes it difficult to construct a coherent 

scientific paradigm within which researchers can solve problems and propose solutions. Why? Because, 

in epistemology, these are mutually dependent (Kuhn, 2000). Judgements are based on concepts, and 

reasoning is based on judgements. If a concept is ambiguous, judgements and reasoning may be flawed 

and do not reflect reality. In this regard, Kuhn (2000) argues and demonstrates in his structural analysis 

of scientific lexicon that terms are not isolated entities, but are mutually constituted within the 

taxonomic network, through genus and species. This aspect was reconfirmed by Politi (2020) in his 

study on Kuhnian conceptual networks. 
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Extending this logic to the field of economics, a transition towards sustainable finance cannot be 

achieved by adding isolated concepts, but requires a new methodological framework that reconfigures 

the entire set of operational concepts. Lagoarde-Segot (2019) argues that sustainable finance attempts 

to address problems and provide solutions within the paradigmatic framework of positivist, mainstream 

finance, but this does not resolve sustainability issues. He states: ”Locked in a positivist straightjacket, 

mainstream academic finance – and therefore finance education – hinders the emergence of sustainable 

financial practices where it should be a bolster for social change”, referring to a whole series of 

arguments that can be found in countless academic sources listed by this author in his work. 

As can be seen from the above, the conceptual issue has a significant epistemological dimension, and 

this paper seeks to address this issue through its own methodology for conceptual definition and 

delimitation. The definitions of the concepts are provided from two perspectives – an entropic 

perspective and a business perspective (formulated using observable ESG indicators as proxies) –, 

whilst the delimitation of these concepts is carried out by genus and species. Therefore, a primary 

research objective of this paper is to define and delimit the concepts of sustainable finance, green 

finance and green financing, so that the relationships between them are coherent from a taxonomic, 

normative and operational perspective. Why? Because conceptual ambiguity can become a source of 

inconsistency in modelling. Empirical models may end up describing distinct phenomena under the 

same label and, consequently, conceptual ambiguity may become a source of inconsistency in the 

modelling process. Furthermore, this issue is considered relevant from the perspective of developing a 

scientific paradigm specific to sustainable finance. 

Based on these delimitations, a second research objective is formulated, namely to answer the question: 

can sustainable finance be theoretically grounded without explicitly introducing the condition of 

persistence over time and, implicitly, the condition of viability? In this paper, the answer is negative. 

The underlying logical argument is that sustainability entails persistence over time, and persistence over 

time entails viability (the system remains within a viability domain where its operating conditions are 

compatible with its future existence). Consequently, the Theory of Viable Sustainable Finance (TVSF) 

is proposed, with viability introduced as a necessary condition for persistence over time and, by 

transitivity, as a necessary condition for financial sustainability. From this perspective, the fact that a 

system exhibits favourable characteristics at a given point in time is not sufficient for it to be considered 

sustainable; the dynamics of such a system must persist over time. 

Taking into account the conceptual and theoretical framework, a third research objective set out in this 

paper concerns the development of a tool for testing the theory’s hypotheses. To this end, the Model of 

Viable Sustainable Finance (MVSF) is developed by configuring a three-dimensional ESG entropy 

vector, where the Environmental dimension is represented by the thermodynamic entropy generated 

(or, equivalently, the exergy destruction), the Social dimension is operationalised via the Theil entropy 

index, and the Governance dimension is represented by Shannon’s information entropy. These measures 

are not considered ontologically identical; they represent different dimensions of the ESG system, 

within which pillar scores can be treated as empirical proxies for the entropic constructs, rather than as 

equivalents thereof. The model enables us to address issues that cannot be captured by a static 

assessment of ESG scores, namely: determining the steady state of the entropic system, establishing the 

critical threshold of the norm in relation to the viability frontiers for each ESG pillar, and determining 

these frontiers for each pillar. 

Since the concept of entropy is used in defining the relevant concepts and in constructing the entropic 

model, some necessary clarifications regarding entropy are provided below (Dinga et al., 2021): 

1) The main attributes of the concept of entropy (in the orthodox sense) are: 

a) it is not a process function, but a state function. Why? Because it does not depend on 

intermediate stages, but only on the initial and final points; 

b) it is a macroscopic quantity. Why? Because it is a measure of the observable level of 

unobservable components; 

c) it is a statistical quantity. Why? Because its measurement was originally formalised by 

Boltzmann within the framework of statistical mechanics; 
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d) it is an additive quantity (obtained by summation). Why? Because the number of microstates is 

multiplied (the possibilities multiply) and the logarithm is used to transform this multiplication 

of microstates into a summation in the form of the macrostate. 

2) There are three types of the concept of entropy (measures): 

a) phenomenological entropy, as defined by Clausius in 1865: 𝑑𝑆 = 𝑑𝑄/𝑇, where: S = entropy; 

Q = the quantity of thermal energy (heat); T = absolute temperature (non-empirical, measured 

in Kelvin). Significance: a measure of thermal energy that cannot be converted into mechanical 

work; that is, the increase in entropy is directly proportional to the exergy lost (exergy is the 

capacity to produce the maximum amount of useful mechanical work);  

b) statistical entropy as defined by Boltzmann (1877/2015): 𝑆 = 𝑘𝐵 ∙ 𝑙𝑛𝑊, where: 𝑘𝐵 = 

Boltzmann’s constant (the ratio of the universal gas constant to Avogadro’s number; 

1,380649 ∙ 10−23𝐽/𝐾 ); W = the thermodynamic probability of the system’s state (the number 

of different ways in which this state can be realised; 
𝑁!

𝑛1!∙𝑛2!…
, where: the number of permutations 

of N particles; 𝑛1! ∙ 𝑛2!… = the number of permutations of the particles within each group 

characterised by identical energy and velocity); 

c) Shannon’s information entropy (1948): 𝑆(𝑋) = −∑ 𝑃(𝑥𝑖) log𝑏 𝑃(𝑥𝑖)
𝑛
𝑖=1 , for X = a discrete 

random variable, or 𝑆(𝑋) = −∫ 𝑓(𝑥) log𝑏 𝑓(𝑥)𝑑𝑥
+∞

−∞
, for X = a continuous random variable, 

where: 𝑃(𝑥𝑖) = the probability of the event 𝑥𝑖 occurring; log𝑏 = the base-b logarithm (𝑏 = 2 → 

bits;𝑏 = 𝑒 → nat); 𝑓(𝑥) = the probability density function of a continuous random variable; a 

derivative of Shannon’s Information Theory is the Theil entropy index (1967), which measures 

distributional inequality and can be used, in practice, as a measure of social entropy (T); its 

formal expression is: 𝑇 =
1

𝑛
∑

𝑥𝑖

𝑥̅
ln (

𝑥𝑖

𝑥̅
)𝑛

𝑖=1 , where: n = the total number of individuals (entities) 

in the sample/population; 𝑥𝑖 = the observed value of the resource under analysis for 

individual/entity i; 𝑥̅ =
1

𝑛
∑ 𝑥𝑖
𝑛
𝑖=1 . 

As can be seen from the above, the concept of entropy is closely linked to the concept of order. Within 

the analytical framework of this paper, a reduction in entropy is interpreted as a shift towards a state of 

higher order; however, the specific meaning of this order differs depending on the type of entropy used. 

For thermodynamic entropy, order is associated with a reduction in irreversible energy degradation and, 

equivalently, with a reduction in exergy destruction. For social entropy, operationalised via the Theil 

index, a reduction in entropy corresponds to a reduction in distributional inequality and a move towards 

distributional equality. For Shannon’s informational entropy, a reduction in entropy corresponds to a 

reduction in informational uncertainty. Consequently, order is not used as a universal synonym for 

physical homogeneity. 

This clarification is important in relation to the interpretation of Nicholas Georgescu-Roegen (1971), 

who associates maximum entropy with the irreversible physical homogenisation of degraded matter. In 

the present study, this physical meaning is not extended to all the entropy measures used; rather, the 

mathematical and statistical meaning specific to each measure is applied. Thus, for the proposed model, 

the reduction of entropy represents the general criterion for moving towards a state of order, whilst the 

nature of this order is specified for each of the three ESG pillars. The overall objective of this paper is 

to produce a scholarly study that links the definition of the concepts of sustainable finance, green finance 

and green financing with the formulation of a possible theory of sustainable finance grounded in 

viability, and with the development of a three-dimensional vector entropy ESG model to operationalise 

it. 

The structure of this paper is as follows. The next section provides a brief review of the academic 

literature, with the aim of highlighting the conceptual gaps identified therein. Definitions of sustainable 

finance, green finance, and green financing from an entropic perspective are then formulated, including 

their dual definitions based on ESG proxies. This is followed by the formulation of the Theory of Viable 

Sustainable Finance and the presentation of the Model of Viable Sustainable Finance. The paper 

concludes with a discussion of the findings and the main conclusions. 
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2. Literature review 

The academic  literature offers a whole range of arguments concerning many unresolved issues in 

sustainable finance within the positivist financial paradigm. A few illustrative examples are presented 

below. These unresolved issues range from greenwashing (Lagoarde-Segot, 2024) and the conflict 

between financial logic and sustainability objectives (Manciordini & Ahlstrom, 2022) to the financial 

sector’s failure to interpret global systemic risks due to flawed metrics and unstable regression 

coefficients (Crona et al., 2025). They also include excessive fragmentation in the sustainable finance 

literature, which confirms the lack of an autonomous scientific identity (Kumar et al., 2025), the limited 

real-economy impact of holding green assets in a portfolio (Caldecott et al., 2022), and the challenge of 

adapting mathematical models derived from Modern Portfolio Theory to climate volatility (Walter, 

2020). 

Perhaps one of the most significant consequences of addressing these issues and finding solutions for 

sustainable finance within the mainstream finance paradigm is the ESG Integration Paradox. This 

paradox of sustainable finance is: ”If the greatest benefits of ESG incorporation are achieved only 

through the full integration of ESG factors into the investment process, why have so few investment 

managers adopted the strategy?” (Cappucci, 2018). 

The literature indicates that there are 126 definitions of green finance (Dhayal et al., 2025).  

Furthermore, the concept of green finance is often used  interchangeably with the concepts of green 

financing or sustainable finance; as a result, many econometric models used to measure their impact 

have unstable coefficients. Some examples of such evidence can be found in: Berg et al. (2022), who 

demonstrate that the use of different metrics to assess similar concepts – such as the confusion between 

the G pillar and aggregate sustainability – completely dissipates the econometric effect on asset prices; 

Zhao et al. (2025) note that when sustainability is measured as an analytical block, the coefficients are 

volatile because only Pillar G has a stable and significant econometric effect on real constraints; Dahiya 

et al. (2026) and Migliorelli (2021) highlight that the sustainable finance landscape is characterised by 

loose terminology and conceptual confusion, which undermines econometric efforts and produces 

erroneous results; Tai et al. (2026) show that the inclusion of an ambiguously defined variable in 

regression models leads to severe fluctuations in the regression coefficients; Christensen et al. (2022) 

highlight that firms which voluntarily adopt ESG reporting receive highly divergent ratings due to the 

lack of a conceptual framework; Cikovic et al. (2025) reveal that the rapid evolution of the field has 

created terminological confusion; concepts such as green finance, sustainable finance, carbon finance, 

environmental finance, etc. are used without clear boundaries or ontological distinctions, thereby 

hindering the development of the discipline; Tung et al. (2025) note that there is an overlap in the 

definitions of the concepts of green finance and sustainable finance, a fact which creates confusion.  

As mentioned earlier, the issues outlined above represent only a few guiding points drawn from the 

academic literature. 

3. The Conceptual Framework: Sustainable Finance, Green Finance and 

Green Financing 

The concept of sustainable finance, which is widely used in academic literature and financial practice, 

remains a problematic one. It is defined by the European Union (European Commission, n.d.) and the 

Organisation for Economic Co-operation and Development (OECD, n.d.) as follows: ”Sustainable 

finance refers to the process of taking environmental, social and governance (ESG) considerations into 

account when making investment decisions in the financial sector, leading to more long-term 

investments in sustainable economic activities and projects.” 

The concept of green finance is also problematic. As a point of reference, the definition provided by 

Fleming (2020) and published on the World Economic Forum platform is considered below: ”Green 

finance is any structured financial activity – a product or service – that has been created to ensure a 

better environmental outcome. It includes a range of loans, debt mechanisms and investments that are 

used to encourage the development of green projects or minimise the impact on the climate of more 

conventional projects. Or a combination of both.” 
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It should be noted that the EU’s definition of sustainable finance describes what is already sustainable, 

but, in fact, it should describe the transition towards sustainability (sustainability is a dynamic process). 

Current EU regulations require financial institutions (banks, funds, etc.) to build and report on portfolios 

with high ESG scores. At the same time, companies cannot achieve these scores without funding from 

financial institutions. In other words, the definition rewards those who are already sustainable rather 

than promoting the achievement of sustainability. This results in an inadequate, dysfunctional financial 

mechanism. It assesses an end state rather than funding the process of achieving such a state. 

As can be seen from the above, these definitions do not originate from within the field of finance; that 

is, they are not the result of scientific developments in financial research, but rather definitions 

formulated by political, economic, and administrative bodies in response to a societal need arising from 

the recognition that the planet’s natural resources are finite. Alongside this concern, there is growing 

recognition that social equity is essential to ensuring sound foundations for social and economic 

structures. As Akerlof and Shiller note in their analysis of markets, bad faith leads to a decline in 

confidence, and a decline in confidence leads to the collapse of systems or markets. Our worry is that 

when Josepha is deceived, there is a loss of confidence in markets more generally, and a serious 

recession will follow (Akerlof & Shiller, 2009). 

In fact, CSR (Corporate Social Responsibility) can be regarded as the foundation or precursor of ESG 

(Environmental, Social and Governance). The transition from CSR to ESG is nothing more than an 

evolution in the way companies actually approach sustainability, moving from altruistic or 

philanthropic actions to a strategic integration geared towards social and environmental outcomes 

alongside financial outcomes. This shift appears to be a natural one. Why? CSR criteria, which were 

voluntary and based on altruism, are transforming into ESG criteria that are beginning to become 

mandatory (Katterling, 2026). Why is it necessary for these criteria to become mandatory? Because 

human nature is not inherently characterised by altruism. Naturally, biologically speaking, the human 

gene is not altruistic (see Dawkins, 2006, on this point). However, Dawkins notes that there is 

nevertheless another possibility, a weaker but natural form of altruism that does not arise through 

cultural mimicry, namely reciprocal altruism: ”I shall argue that a predominant quality to be expected 

in a successful gene is ruthless selfishness. This gene selfishness will usually give rise to selfishness in 

individual behaviour. However, as we shall see, there are special circumstances in which a gene can 

achieve its own selfish goals best by fostering a limited form of altruism at the level of individual 

animals. 'Special' and 'limited' are important words in the last sentence. Much as we might wish to 

believe otherwise, universal love and the welfare of the species as a whole are concepts that simply do 

not make evolutionary sense.” (Dawkins, 2006). 

The concept of reciprocal altruism (developed by Trivers, 1971), alongside another extremely important 

concept, that of Maynard Smith and George Price, the Evolutionarily Stable Strategy (ESS) – an 

evolutionarily stable strategy is defined as a strategy which, if adopted by the majority of members of 

a population, cannot be outperformed by any alternative strategy. (Maynard Smith & George Price, 

1973) – may go a long way towards explaining the necessity of mandatory ESG criteria. Furthermore, 

a sound philosophical explanation of such a social necessity is provided by the well-known distinction 

between the categorical imperative (categorical morality) and the hypothetical imperative (hypothetical 

morality) in the Kantian sense (Kant, 1998). Early models of CSR failed precisely because they imposed 

a categorical imperative on corporations, whilst the mainstream paradigm of finance is one of 

optimisation, which seeks to maximise a firm’s value and performance. 

That being said, the concepts of sustainable finance, green finance, and green financing are defined as 

follows. Methodologically, a descriptive rather than formal axiomatic system is employed, based on 

phenomenology and the criteria of consistency, independence, and completeness. The three definitions 

are successively derived using the genus-and-species method, also known as the method of proximate 

genus and specific difference. The following bibliographical references provide the methodological 

basis for this approach: Aristotelian essentialism (see Studtmann, 2024; Anstey & Bronstein, 2025), 

supplemented by Hilbert’s vision regarding the creation of a formal axiomatic system in mathematics 

(see Zach, 2023; Ewald & Sieg, 2013) and Husserl’s phenomenology (see Zahavi, 2025; Husserl, 

2001a; Husserl, 2001b; Husserl, 2010). 
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Following this approach, the following definitions are proposed: 

A. The definition of the concept of sustainable finance (SF) is: a) it entails a set of actions in the form 

of a prescriptive normative mechanism (in the sense of Georg Henrik von Wright); b) it aims to 

reduce entropy (the reduction of generated thermodynamic entropy or, equivalently, the reduction 

of exergy destruction, for the E pillar of ESG; the reduction of social entropy for the S pillar of 

ESG; the reduction of informational entropy for the G pillar of ESG) – the first-order principle 

(rationality); c) it entails a finality (the finality being persistence over time) – the second-order 

principle (survival). 

B. The definition of the concept of green finance (GF) is: a) it entails sustainable finance; b) it entails 

reducing the thermodynamic entropy generated or, equivalently, reducing the exergy destruction, 

for the E pillar of ESG; c) it is objectified in the form of a standardised normative financial 

instrument (for example: EU Regulation 2023/2631 of 22 November 2023, European Union, 2023). 

C. The definition of the concept of green financing (Gfin) is: a) it entails green finance; b) it is 

instantiated (manifested in practice) in the form of an operationalised normative financial 

instrument (e.g. the specific issuer, the bond with an ISIN, the bond contract, etc., Electrica Energy 

Company, 2025). 

The dual definitions are set out below, together with several relevant clarifications: 

a) The definitions provided above are formulated in entropic terms, whereas their mirror-image, dual 

definitions in business terms, expressed using observable ESG scores as proxies, can be formulated 

as follows: 

• The dual definition of the concept of sustainable finance is: a) it entails a set of actions in the 

form of a prescriptive normative mechanism (in the sense of Georg Henrik von Wright); b) it 

aims to increase ESG performance (increasing the E pillar of ESG, increasing the S pillar of 

ESG, increasing the G pillar of ESG) – first-order principle (rationality); c) it entails a finality 

(the finality is persistence over time) – second-order principle (survival). 

• The dual definition of the concept of green finance is: a) it entails sustainable finance; b) it 

entails increasing the E pillar of ESG; c) it is objectified in the form of a standardised normative 

financial instrument (for example: EU Regulation 2023/2631 of 22 November 2023, European 

Union, 2023). 

• The dual definition of the concept of green financing is: a) it entails green finance; b) it is 

instantiated (manifested in practice) in the form of an operationalised normative financial 

instrument (e.g. the specific issuer, the bond with an ISIN, the bond contract, etc., Electrica 

Energy Company, 2025). 

b) The term mechanism refers to a procedure that links a cause to an effect. The sufficiency conditions 

for a mechanism are (Dinga et al., 2023b): it entails a system (the mechanism can only function if 

it is part of a system); it entails the existence of transformation operators (the operators guarantee 

that a specific cause will produce a specific effect); it entails the existence of a coordination operator 

(the entity in question to which the mechanism is associated has a purpose  distinct from the 

purposes of each individual transformation operator and integrates these individual purposes in a 

convergent manner); it entails the existence of a replication operator (the mechanism is not singular; 

it does not have just one cycle of operation, but its operation must be repeated); it entails a 

monitoring/control/adjustment operator (changes that must occur within the mechanism so that it 

can fulfil its functions without any reduction in its performance). 

c) The term prescriptive norm is used in the sense proposed by Georg Henrik von Wright (1963), 

referring to norms that fulfil the following characteristics: the prescriptions are given or issued by 

someone and stem from the will of a normative authority; they are addressed to agents known as 

the subjects of the norm; the authority issuing the norm requires the subjects to adopt a certain 

course of conduct; the issuance of the norm expresses the authority’s will to cause the subjects to 

behave in a certain way; in order to make its will known to the subjects, the authority promulgates 

the norm; these differ from rules or technical standards. In this context, the term normative is 
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applied here it its deontic, denoting that the financial instrument does not pre-exist empirically but 

is legally constituted through a presciptive norm, while its standardised character entails the 

invariance of its structural conditions.  

d) The term generated entropy (𝑆𝑔𝑒𝑛) refers to the measure of entropy associated with irreversibilities, 

that is, the measure that quantifies irreversibilities (energy degradation, resource dissipation, loss 

of useful mechanical work capacity and increased carbon dioxide emissions). 

e) The term exergy destruction (𝑋𝑑𝑒𝑠𝑡) refers to the lost potential to produce maximum useful 

mechanical work, and this is formally expressed by the Gouy–Stodola equation: 𝑋𝑑𝑒𝑠𝑡 = 𝑇0 ∙ 𝑆𝑔𝑒𝑛, 

where:𝑇0 = the ambient temperature (in Kelvin). 

f) The term social entropy refers to entropy operationalised through the Theil entropy index. Within 

the pillar S, the main issues concern equity, labour relations, social inclusion, diversity, human 

rights, and access to opportunities, many of which relate to the distribution of resources, including 

income, power, access to resources, and opportunities; since the Theil index measures the inequality 

gap of a distribution, it can be used, in practical terms, as a measure of social entropy. 

g) The term informational entropy refers to the concept as defined by Shannon. Within the pillar G, a 

range of information-related aspects is considered (transparency, disclosure of information, audit, 

quality of internal control, clear and simple managerial procedures, reporting, investor relations); 

reducing informational entropy for the G pillar of ESG will consequently lead to a reduction in 

information asymmetry. 

h) Green financing (Gfin) logically generates (causes) green investment (GInv). In other words, if there 

is green financing, then there is also green investment. 

The definitions provided above are formalised below using first-order logic and deontic logic. 

• With regard to the first aspect, the following notation is used: 

Let ℱ = {𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑓𝑖𝑛𝑎𝑛𝑐𝑖𝑎𝑙 𝑝𝑟𝑎𝑐𝑡𝑖𝑐𝑒𝑠}; 𝑥 ∈ ℱ; basic predicates: SF(x): x is sustainable finance, 

GF(x): x is green finance, Gfin(x): x is green financing; structural predicates: N(x): x is a prescriptive 

normative mechanism, Ist(x): x is a standardised normative financial instrument, Iop(x): x is an 

operationalised normative financial instrument; functional predicates (purpose/objective): 𝑅𝐸 (x): x 

reduces the generated thermodynamic entropy; 𝑅𝑆 (x): x reduces social entropy; 𝑅𝐺 (x): x reduces 

informational entropy; Surv(x): x has survival as its finality. 

Based on the notation introduced above, the following formal logical definitions can be successively 

formulated: 

𝑆𝐹(𝑥) ↔ 𝑁(𝑥) ∧ [𝑅𝐸(𝑥) ∧ 𝑅𝑆(𝑥) ∧ 𝑅𝐺(𝑥)] ∧ 𝑆𝑢𝑟𝑣(𝑥) 

𝐺𝐹(𝑥) ↔ 𝑆𝐹(𝑥) ∧ 𝑅𝐸(𝑥) ∧ 𝐼𝑠𝑡(𝑥) 

𝐺𝑓𝑖𝑛(𝑥) ↔ 𝐺𝐹(𝑥) ∧ 𝐼𝑜𝑝(𝑥) 

𝐺𝑓𝑖𝑛(𝑥) → 𝐺𝑖𝑛𝑣(𝑥) 

ℱ ⊃ 𝑆𝐹(𝑥) ⊃ 𝐺𝐹(𝑥) ⊃ 𝐺𝑓𝑖𝑛 → 𝐺𝐼𝑛𝑣 

• With regard to the second aspect, the following notation is used: 

Let the following deontic operators be defined as follows: O(p): p is obligatory; P(p): p is permitted; 

F(p): p is forbidden. 

In light of the above, the following formal logical definitions can be formulated in turn (principled 

obligations – norm; standardised obligations – rule; operationalised obligations – applied normative 

act): 

𝑆𝐹 ↔ 𝑂[𝑁(𝑥)] ∧ 𝑂[𝑅𝐸(𝑥) ∧ 𝑅𝑆(𝑥) ∧ 𝑅𝐺(𝑥)] ∧ 𝑂[𝑆𝑢𝑟𝑣(𝑥)] 

𝐺𝐹 ↔ 𝑆𝐹 ∧ 𝑂[𝑅𝐸(𝑥)] ∧ 𝑂[𝐼𝑠𝑡(𝑥)] 
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𝐺𝑓𝑖𝑛 ↔ 𝐺𝐹 ∧ 𝑂[𝐼𝑜𝑝(𝑥)] 

𝐺𝑓𝑖𝑛 → 𝑂[𝐺𝐼𝑛𝑣(𝑥)] 

ℱ ⊃ 𝑆𝐹(𝑥) ⊃ 𝐺𝐹(𝑥) ⊃ 𝐺𝑓𝑖𝑛 → 𝑂[𝐺𝐼𝑛𝑣] 

4. The Theoretical Framework: Theory of Viable Sustainable Finance 

(TVSF) 

What is a theory? Put simply, a theory is a hypothesis or a set of hypotheses about reality; this applies 

to both the natural sciences and the social sciences (examples of theories in finance: Eugene Fama’s 

Efficient Market Hypothesis (EMH); Andrew Lo’s Adaptive Market Hypothesis (AMH); Henry 

Markowitz’s Modern Portfolio Theory (MPT)). 

A theory is defined by its structure. What is meant by the structure of a theory? According to Dinga 

(2018), this refers to the list of the theory’s basic components, as follows: 

• Invariant components: a cognitive grounding principle (for example: economic behaviour is driven 

by the scarcity of resources relative to needs); a system of hypotheses within which theoretical 

knowledge is possible (for example: economic behaviour is rational; the economic e agent processes 

information correctly; the economic agent is self-interested); a set of propositions describing 

mechanisms of cognition (for example: choice is based on propensity). 

• Variable components: a set of conjectures regarding cognitive outcomes (for example: economic 

decisions are made on a marginal basis); a set of proven cognitive outcomes (for example: the 

economic process unfolds cyclically). 

Why a possible Theory of Viable and Sustainable Finance? Viability is considered a logically necessary 

condition (see the third predicate in the definition of sustainable finance) for finance to qualify as 

sustainable. This follows from the fact that persistence over time, understood as the second-order 

principle of survival, entails viability; consequently, finance cannot be considered sustainable unless 

this condition is fulfilled. Put differently, by reductio ad absurdum (apagogic proof in the Kantian 

sense), the absence of viability causes a system to lose its capacity to persist over time and ultimately 

to disappear from economic reality, thereby preventing it from being regarded as structurally 

sustainable. This criterion provides a natural justification for the existence of sustainable finance 

without requiring recourse to political or ethical considerations in the form of the categorical imperative, 

which, as argued above, cannot be regarded as an innate characteristic of human beings. 

Taking the structure of a theory described previously as a reference point, the Theory of Viable 

Sustainable Finance is proposed. This theoretical proposal may be criticised, verified in the sense of 

logical positivism, or falsified in the Popperian sense. It is acknowledged that such a proposal can 

represent only a modest contribution towards addressing the problems of sustainable finance, a field 

that, as reflected in the scientific literature, is developing at an accelerated pace. 

The proposed structure of the Theory of Viable Sustainable Finance is as follows: 

• The principle of cognitive grounding: persistence over time is a necessary condition for sustainable 

finance 

• Hypothesis 1 – The Normativity Hypothesis: sustainable finance takes the form of a normative 

mechanism that constrains the sphere of financial decisions 

• Hypothesis 2 – The entropy hypothesis: processes relevant to sustainability can be described in 

terms of entropies across the ESG pillars 

• Hypothesis 3 – The rationality hypothesis: a mechanism in the form of sustainable finance is rational 

if and only if it reduces at least one ESG entropy component 

• Hypothesis 4 – The viability hypothesis: a financial system is sustainable if there exists a trajectory 

that keeps the entropies across the ESG pillars below their respective viability frontiers 

• Hypothesis 5 – The behavioural hypothesis: economic agents are capable of reciprocal altruism 
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• Hypothesis 6 – The duality hypothesis: the scores for the ESG pillars serve as proxies for the 

entropies associated with these pillars 

• Hypothesis 7 –  The interdependence hypothesis: the ESG pillars can generate systemic and 

normative trade-offs 

• Proposition 1: the behaviour of economic agents is influenced by norms 

• Proposition 2: The behaviour of economic agents modifies the entropies across the ESG pillars 

• Proposition 3: The dynamics of entropies across the ESG pillars influence the system’s persistence 

over time 

• Proposition 4: ESG scores across the pillars imperfectly reflect the quantitative change 

(modification) in entropies across the ESG pillars 

• Proposition 5: entropies propagate between pillars through interdependence mechanisms 

• Conjecture 1: The simultaneous reduction of all entropies across the ESG pillars is not possible 

over an unlimited time interval 

• Conjecture 2: A reduction in structural entropy is not guaranteed by an increase in the ESG score 

• Conjecture 3: Trade-offs between pillars reduce viability  

5. The Model: Model of Viable Sustainable Finance (MVSF) 

This section proposes a model of viable sustainable finance. What is a model? A model is the result of 

the modelling process (modelling is a rational process through which a model is obtained), that is, the 

outcome of this process, and can be of three types (Dinga et al., 2022): discovery model (this 

investigates the object of knowledge without a pre-established target for the scientific endeavour); 

corroborative model (this investigates the object of knowledge by pursuing, in a positive manner, a pre-

established objective of the scientific endeavour); refutative models (these investigate the object of 

knowledge by pursuing, in a negative manner, a pre-established objective of the scientific endeavour).  

A model is a reconstruction of reality, which serves to test the hypotheses of a theory. In other words, 

a model is a logical and quantitative device for testing a theory. 

The TVSF model comprises the following elements: 

1. Let the following equation express the dynamics of an entropic system: 

𝐻̇(𝑡) = 𝐴𝐻(𝑡) + Γ𝜋(𝑡)      (1) 

𝐻(𝑡) ∈ 𝒱, ∀t ≥ 0      (2) 

where: 𝐻(𝑡) = (

𝐻𝐸(𝑡)
𝐻𝑆(𝑡)
𝐻𝐺(𝑡)

) ; 𝐻𝑖(𝑡) = entropy on pillar i at time t; 𝐻𝑖(𝑡 + 1) = entropy on pillar i at time 

t+1,𝑖 ∈ {𝐸, 𝑆, 𝐺},𝐻(𝑡 + 1) = (

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) ; 𝐻̇(𝑡) = the derivative, i.e. the rate at which the system’s 

state changes; A = the matrix of coefficients defining the system’s internal dynamics; Γ = the matrix of 

coefficients measuring the direct impact of the norm (normative efficiency, exogenous impact of the 

norm) on the vector H(t+1); 𝜋 (t) = the matrix of the prescriptive norm (external intervention); 𝒱 = the 

viability domain/viability frontier. 

2. Equation (1) is discretised using the Euler method, as follows: 

𝐻̇(𝑡) =
𝐻(𝑡 + 1) − 𝐻(𝑡)

∆𝑡
≈ 𝐴𝐻(𝑡) + Γ𝜋(𝑡) → 

→ 𝐻(𝑡 + 1) − 𝐻(𝑡) ≈ 𝐴𝐻(𝑡)∆(𝑡) + Γ𝜋(𝑡)∆𝑡 → 
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→ 𝐻(𝑡 + 1) ≈ 𝐻(𝑡) + 𝐴𝐻(𝑡)∆𝑡 + Γ𝜋(𝑡)∆𝑡 → 

→ 𝐻(𝑡 + 1) ≈ (𝐼 + 𝐴∆𝑡)𝐻(𝑡) + Γ𝜋(𝑡)∆𝑡     (3) 

for ∆𝑡 = 1, the above equation becomes: 

𝐻(𝑡 + 1) ≈ (𝐼 + 𝐴)𝐻(𝑡) + Γ𝜋(𝑡)     (4) 

where I = the identity matrix. 

Equation (4) can be written as: 

𝐻(𝑡 + 1) ≈ 𝐵𝐻(𝑡) + Γ𝜋(𝑡); where 𝛣 = (𝐼 + 𝐴)   (5) 

To increase the degree of accuracy, exact discretisation can be applied using the following analytical 

relationship from dynamical systems theory (the Zero-Order Hold method), where 𝜋(𝑡) is kept constant 

over the time interval ∆𝑡 : 

𝐻(𝑡 + 1) =  𝑒𝐴∆𝑡𝐻(𝑡) + ∫ 𝑒𝐴𝜏𝑑𝜏
∆𝑡

0
 Γ𝜋(𝑡)    (6) 

In this discretised form, the following simplified notation can be used: 

𝐻(𝑡 + 1) = Φ𝐻(𝑡) + Ω𝜋(𝑡)      (7) 

where: Φ = 𝑒𝐴∆𝑡 ; Ω = ∫ 𝑒𝐴𝜏𝑑𝜏
∆𝑡

0
Γ = 𝐴−1(𝑒𝐴∆𝑡 − 𝐼)Γ = 𝐴−1(Φ − I)Γ, if matrix A is invertible.  

3. The question that then arises is how the coefficients of the matrices can be determined? This can be 

achieved from the data, that is, through an empirical estimation of them. One solution may be to 

use the VARX(1) model (a simplified model for the case where each pillar depends only on itself, 

with a scalar environmental norm, 𝜋𝐸 (t), which, for example, may be represented by the carbon 

tax within the European Union,  EUA – European Union Allowance, within the EU ETS – European 

Union Emissions Trading System), as follows: 

{

𝐻𝐸(𝑡 + 1) = 𝛽𝐸𝐻𝐸(𝑡) + 𝛾𝐸𝜋𝐸(𝑡) + 𝜀𝐸(𝑡 + 1)

𝐻𝑆(𝑡 + 1) = 𝛽𝑆𝐻𝑆(𝑡) + 𝛾𝑆𝜋𝐸(𝑡) + 𝜀𝑆(𝑡 + 1)

𝐻𝐺(𝑡 + 1) = 𝛽𝐺𝐻𝐺(𝑡) + 𝛾𝐺𝜋𝐸(𝑡) + 𝜀𝐺(𝑡 + 1)

    (8) 

Consequently, the following expression can be written: 

(

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) = (

𝛽𝐸 0 0
0 𝛽𝑆 0
0 0 𝛽𝐺

) ∙ (

𝐻𝐸(𝑡)

𝐻𝑆(𝑡)

𝐻𝐺(𝑡)
) + (

𝛾𝐸 0 0
0 𝛾𝑆 0
0 0 𝛾𝐺

) ∙ (

𝜋𝐸(𝑡)
𝜋𝐸(𝑡)
𝜋𝐸(𝑡)

)  (9) 

or, more simply: 

(

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) = (

𝛽𝐸 0 0
0 𝛽𝑆 0
0 0 𝛽𝐺

) ∙ (

𝐻𝐸(𝑡)

𝐻𝑆(𝑡)

𝐻𝐺(𝑡)
) + (

𝛾𝐸
𝛾𝑆
𝛾𝐺
) ∙ 𝜋𝐸(𝑡)   (10) 

Several important clarifications regarding the equation (10) are provided below: 

a) why is the residual 𝜀𝑖(𝑡 + 1), where 𝑖 = 𝐸, 𝑆, 𝐺, not taken into account for 𝐻𝑖(𝑡 + 1) ?  

Because we are modelling the predicted 𝐻𝑖(𝑡 + 1), 𝐻𝑖̂(𝑡 + 1 ), that is, the conditional mathematical 

expectation of the future state conditional on the information at time t, 𝐸[𝐻𝑖(t + 1) ∣ 𝐻𝑖(𝑡), 𝜋𝐸(𝑡)], and 

consequently, 𝐸[𝐻𝑖(𝑡 + 1)] = 𝐸[𝛽𝑖𝐻𝑖(𝑡) + 𝛾𝑖𝜋𝐸(𝑡) + 𝜀𝑖(𝑡 + 1)], where 𝐸[𝜀𝑖(𝑡 + 1)] = 0. 
Consequently, 𝐸[𝐻𝑖(𝑡 + 1)] = 𝛽𝑖𝐻𝑖(𝑡) + 𝛾𝑖𝜋𝐸(𝑡). 

b) the matrix of coefficients defining the internal dynamics of the system represents the Jacobian of 

the discrete system, 𝐽𝒮, (that is, these are the partial derivatives of the evolution functions, 𝐻𝑖(t +
1),  with respect to the state variables, 𝐻𝑖(𝑡)), which is in fact matrix B: 
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𝐽𝒮 =

(

 
 

𝜕𝐻𝐸(𝑡+1)

𝜕𝐻𝐸(𝑡)
0 0

0
𝜕𝐻𝑆(𝑡+1)

𝜕𝐻𝑆(𝑡)
0

0 0
𝜕𝐻𝐺(𝑡+1)

𝜕𝐻𝐺(𝑡) )

 
 

    (11) 

c) the coefficient matrix, which measures the direct impact of the norm, represents the control Jacobian 

of the system, 𝐽𝒩, and is in fact the matrix Γ: 

𝐽𝒩 =

(

 
 

𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝐸(𝑡)
0 0

0
𝜕𝐻𝑆(𝑡+1)

𝜕𝜋𝐸(𝑡)
0

0 0
𝜕𝐻𝐺(𝑡+1)

𝜕𝜋𝐸(𝑡) )

 
 

    (12) 

When interdependencies between the pillars are introduced, the following expression is obtained: 

{

𝐻𝐸(𝑡 + 1) = 𝛽𝐸𝐸𝐻𝐸(𝑡) + 𝛽𝐸𝑆𝐻𝑆(𝑡) + 𝛽𝐸𝐺𝐻𝐺(𝑡) + 𝛾𝐸𝜋𝐸(𝑡) + 𝜀𝐸(𝑡 + 1)

𝐻𝑆(𝑡 + 1) = 𝛽𝑆𝐸𝐻𝐸(𝑡) + 𝛽𝑆𝑆𝐻𝑆(𝑡) + 𝛽𝑆𝐺𝐻𝐺(𝑡) + 𝛾𝑆𝜋𝐸(𝑡) + 𝜀𝑆(𝑡 + 1)

𝐻𝐺(𝑡 + 1) = 𝛽𝐺𝐸𝐻𝐸(𝑡) + 𝛽𝐺𝑆𝐻𝑆(𝑡) + 𝛽𝐺𝐺𝐻𝐺(𝑡) + 𝛾𝐺𝜋𝐸(𝑡) + 𝜀𝐺(𝑡 + 1)

 (13) 

Consequently, this can be expressed as follows: 

(

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) = (

𝛽𝐸𝐸 𝛽𝐸𝑆 𝛽𝐸𝐺
𝛽𝑆𝐸 𝛽𝑆𝑆 𝛽𝑆𝐺
𝛽𝐺𝐸 𝛽𝐺𝑆 𝛽𝐺𝐺

) ∙ (

𝐻𝐸(𝑡)

𝐻𝑆(𝑡)

𝐻𝐺(𝑡)
) + (

𝛾𝐸 0 0
0 𝛾𝑆 0
0 0 𝛾𝐺

) ∙ (

𝜋𝐸(𝑡)
𝜋𝐸(𝑡)
𝜋𝐸(𝑡)

)  (14) 

or, more simply: 

(

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) = (

𝛽𝐸𝐸 𝛽𝐸𝑆 𝛽𝐸𝐺
𝛽𝑆𝐸 𝛽𝑆𝑆 𝛽𝑆𝐺
𝛽𝐺𝐸 𝛽𝐺𝑆 𝛽𝐺𝐺

) ∙ (

𝐻𝐸(𝑡)

𝐻𝑆(𝑡)

𝐻𝐺(𝑡)
) + (

𝛾𝐸
𝛾𝑆
𝛾𝐺
) ∙ 𝜋𝐸(𝑡)   (15) 

namely: 

𝐽𝒮 =

(

 
 

𝜕𝐻𝐸(𝑡+1)

𝜕𝐻𝐸(𝑡)

𝜕𝐻𝐸(𝑡+1)

𝜕𝐻𝑆(𝑡)

𝜕𝐻𝐸(𝑡+1)

𝜕𝐻𝐺(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝐻𝐸(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝐻𝑆(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝐻𝐺(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝐻𝐸(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝐻𝑆(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝐻𝐺(𝑡) )

 
 

    (16) 

When normative interdependencies between the pillars are introduced, the complete coefficient 

matrices are obtained as follows: 

(

𝐻𝐸(𝑡 + 1)
𝐻𝑆(𝑡 + 1)
𝐻𝐺(𝑡 + 1)

) = (

𝛽𝐸𝐸 𝛽𝐸𝑆 𝛽𝐸𝐺
𝛽𝑆𝐸 𝛽𝑆𝑆 𝛽𝑆𝐺
𝛽𝐺𝐸 𝛽𝐺𝑆 𝛽𝐺𝐺

) ∙ (

𝐻𝐸(𝑡)

𝐻𝑆(𝑡)

𝐻𝐺(𝑡)
) + (

𝛾𝐸𝐸 𝛾𝐸𝑆 𝛾𝐸𝐺
𝛾𝑆𝐸 𝛾𝑆𝑆 𝛾𝑆𝐺
𝛾𝐺𝐸 𝛾𝐺𝑆 𝛾𝐺𝐺

) ∙ (

𝜋𝐸(𝑡)
𝜋𝑆(𝑡)
𝜋𝐺(𝑡)

) (17) 

namely the full control Jacobian: 

𝐽𝒩 =

(

 
 

𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝐸(𝑡)

𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝑆(𝑡)

𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝐺(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝜋𝐸(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝜋𝑆(𝑡)

𝜕𝐻𝑆(𝑡+1)

𝜕𝜋𝐺(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝜋𝐸(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝜋𝑆(𝑡)

𝜕𝐻𝐺(𝑡+1)

𝜕𝜋𝐺(𝑡) )

 
 

    (18) 

4. Within this system, characterised by the three pillars, trade-offs can be made, both normative (a 

regulation has opposite effects on two different pillars, helping one pillar but affecting another) and 

structural (the evolution of one pillar has an opposite effect on the evolution of another pillar), as 

follows: 
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1) For the case of expression (15), the mathematical conditions are: 

• A normative trade-off arises when: 

𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝐸(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝜋𝐸(𝑡)
< 0 ⇔ 𝛾𝐸 ∙ 𝛾𝑗 < 0, 𝑗 = 𝑆, 𝐺    (19) 

Equation (19) shows that the norm cannot decrease entropy (i.e. generate order) in pillar HE  without 

increasing entropy (i.e. generating disorder) in pillar Hj, resulting in a win-loss trade-off, and 

conversely, 
𝜕𝐻𝐸(𝑡+1)

𝜕𝜋𝐸(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝜋𝐸(𝑡)
> 0 ⇔ 𝛾𝐸 ∙ 𝛾𝑗 > 0, there is: win-win complementarity (transient 

negentropy, transient self-organisation due to the fact that the rigidity of the linear structure of the 

equations does not allow this order to be maintained in the long term), that is, the average norm reduces 

entropy on the E pillar and on the Hj  pillar, or loss-loss complementarity, that is, the average norm 

reduces entropy neither on the E pillar nor on the Hj pillar (entropic contagion, chaos). 

Several observations regarding the above formulation are necessary: 

a) The loss-loss case may reflect greenwashing (the environmental norm on pillar E does not reduce 

disorder there and increases disorder on another pillar), whilst the win-loss case may represent 

adaptation for survival, i.e. one pays for survival; there is no free lunch (regarding the concept of 

adaptation, see Dinga et al., 2022). 

b) Why does greenwashing relate to the norm? Because greenwashing is a property of the norm (a 

design flaw in the norm). 

• The structural trade-off arises when: 

𝜕𝐻𝑖(𝑡+1)

𝜕𝐻𝑗(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝐻𝑗(𝑡)
< 0 ⇔ 𝛽𝑖𝑗 ∙ 𝛽𝑗𝑗 < 0, 𝑖 ≠ 𝑗    (20) 

Equation (20) tells us that the decrease in entropy (i.e. the generation of order) of pillar Hj  leads to an 

increase in entropy (i.e. the generation of disorder) of pillar Hi  (win-loss), and conversely, 
𝜕𝐻𝑖(𝑡+1)

𝜕𝐻𝑗(𝑡)
∙

𝜕𝐻𝑗(𝑡+1)

𝜕𝐻𝑗(𝑡)
> 0 ⇔ 𝛽𝑖𝑗 ∙ 𝛽𝑗𝑗 > 0, 𝑖 ≠ 𝑗 , there is: win-win complementarity (transient negentropy, transient 

self-organisation resulting from the fact that the rigidity of the linear structure of the equations does not 

allow this order to be maintained in the long term), i.e. a decrease in entropy on the Hj pillar also 

decreases entropy on Hi  or a ‘loss-loss’ type of complementarity, i.e. an increase in entropy on the Hj 

pillar   generates an increase in entropy on Hi as well   (entropic contagion, chaos). 

Several observations regarding the above formulation are provided below: 

a) The 
𝜕𝐻𝑖(𝑡+1)

𝜕𝐻𝑗(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝐻𝑗(𝑡)
< 0 ⇔ 𝛽𝑖𝑗 ∙ 𝛽𝑗𝑗 < 0, 𝑖 ≠ 𝑗 or ‘win-loss’ case can express resilience through 

adaptation and the capacity to transfer disorder (regarding the concept of adaptation, see Dinga et 

al., 2022), whilst the win-win case can express resilience through transient self-organisation, ideal 

resilience (for the concept of self-organisation, see Dinga et al., 2023a); co-evolution can generate 

self-organisation processes that increase the system’s resilience (for the concept of co-evolution, 

see Dinga et al., 2023b). 

b) Why does resilience refer to the system? Because resilience is a property of the system (the system’s 

capacity to manage interactions between pillars). 

2) For the case of  expression (17), the mathematical conditions are: 

• The normative trade-off arises when: 

𝜕𝐻𝑖(𝑡+1)

𝜕𝜋𝑗(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝜋𝑗(𝑡)
< 0 ⇔ 𝛾𝑖𝑗 ∙ 𝛾𝑗𝑗 < 0, 𝑖 ≠ 𝑗    (21) 

Equation (21) tells us that you cannot decrease entropy (i.e. the generation of order) on Hj  by the 

norm 𝜋𝑗 without increasing entropy (disorder) Hi. (win-loss), and conversely, 
𝜕𝐻𝑖(𝑡+1)

𝜕𝜋𝑗(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝜋𝑗(𝑡)
> 0 ⇔
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𝛾𝑖𝑗 ∙ 𝛾𝑗𝑗, there is: win-win complementarity (transient negentropy, transient self-organisation due to the 

fact that the rigidity of the linear structure of the equations does not allow this order to be maintained 

in the long term), i.e. the norm 𝜋𝑗 reduces entropy on the Hj  pillar and on the Hi  (which, in our view, 

is problematic in an entropic system) or ‘loss-loss’ complementarity, i.e. the norm 𝜋𝑗  does not  reduce 

entropy on the Hj  pillar or on the H(i)   pillar (entropic contagion, chaos). 

A point worth noting here is that the loss-loss case may reflect greenwashing (the rule ‘𝜋𝑗’ on pillar Hj 

does not reduce disorder there but increases disorder on another pillar), whilst the win-loss case may 

reflect adaptation for survival, i.e. one pays for survival; there is no such thing as a free lunch (regarding 

the concept of adaptation, see Dinga et al., 2022).  

• The structural trade-off arises when: 

𝜕𝐻𝑖(𝑡+1)

𝜕𝐻𝑗(𝑡)
∙
𝜕𝐻𝑗(𝑡+1)

𝜕𝐻𝑗(𝑡)
< 0 ⇔ 𝛽𝑖𝑗 ∙ 𝛽𝑗𝑗 < 0, 𝑖 ≠ 𝑗, identical to (20)  (22) 

5. The analytical conditions for the steady state of the system are established below. The steady state 

of the system (an attractor indicating that structural entropy and normative ordering forces are in 

equilibrium) is determined at the point where 𝐻(𝑡 + 1) = 𝐻(𝑡) = 𝐻∗, as follows: 

𝐻∗ = 𝐵𝐻∗ + Γ𝜋
⇒

𝐻∗ − 𝐵𝐻∗ = Γ𝜋
⇒

(𝐼 − 𝐵)𝐻∗ = Γ𝜋
⇒

𝐻∗ = (𝐼 − 𝐵)−1Γ𝜋

      (23) 

Given the successive development in (23), several important clarifications are provided below: 

a) The existence of a unique steady state of the system is guaranteed if the determinant of the 

matrix (𝐼 − 𝐵) is non-zero (𝑑𝑒𝑡(𝐼 − 𝐵) ≠ 0 ), which implies that the matrix (𝐼 − 𝐵) is invertible; 

the further this determinant is from zero, the less fragile the attractor is. 

b) The inverse of the matrix (𝐼 − 𝐵) is a multiplier of the system, showing how a change in the norm 

propagates across the three pillars due to the interdependencies between them. 

c) The system converges to the steady state (converges to the attractor) only if all the eigenvalues of 

matrix B have subunitary modulus (spectral radius, or behaviour along the path: 𝜌(𝐵) < 1 ; 

otherwise, if 𝜌(𝐵) > 1, then the system becomes divergent, the attractor disappears and chaos takes 

its place). In other words, the stability of the system must satisfy the condition 𝜌(𝐵) < 1 (a 

necessary and sufficient condition), where: 𝜌(𝐵) = 𝑚𝑎𝑥{|𝜆1|, |𝜆2|, |𝜆3|}. The eigenvalues 𝜆 are 

determined by solving the characteristic equation 𝑑𝑒𝑡(𝐵 − 𝜆𝐼) = 0 ;|𝜆𝑖| = √𝑅𝑒(𝜆𝑖)
2 + 𝐼𝑚(𝜆𝑖)

2, 

with 𝑖 = 𝐸, 𝑆, 𝐺. 

6. The critical threshold of the norm relative to the viability frontier of each pillar can then be 

calculated, 𝒱 = 𝐻𝑚𝑎𝑥 = (

𝐻𝑚𝑎𝑥𝐸
𝐻𝑚𝑎𝑥𝑆
𝐻𝑚𝑎𝑥𝐺

). For this purpose, the steady-state condition of the system 

must be considered. If the system is stable, 𝜌(𝐵) < 1, it will tend towards equilibrium. 

Consequently, the critical threshold of the norm 𝜋 on the pillars is the value that makes the steady-

state condition equal to 𝐻𝑚𝑎𝑥, and thus: 

𝐻𝑚𝑎𝑥 = (𝐼 − 𝐵)−1Γ𝜋

𝑀 = (𝐼 − 𝐵)−1

𝐾 = 𝑀Γ

} ⇒ 𝐻𝑚𝑎𝑥 = 𝐾𝜋  (24) 

Consequently, 𝜋 = 𝐾−1𝐻𝑚𝑎𝑥 and it can be written: 

1) for the case of expression (15): 
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𝑀 = (

1 − 𝛽𝐸𝐸 −𝛽𝐸𝑆 −𝛽𝐸𝐺
−𝛽𝑆𝐸 1 − 𝛽𝑆𝑆 −𝛽𝑆𝐺
−𝛽𝐺𝐸 −𝛽𝐺𝑆 1 − 𝛽𝐺𝐺

)

−1

   (25) 

𝐾 = (
𝐾𝐸
𝐾𝑆
𝐾𝐺

) = (

1 − 𝛽𝐸𝐸 −𝛽𝐸𝑆 −𝛽𝐸𝐺
−𝛽𝑆𝐸 1 − 𝛽𝑆𝑆 −𝛽𝑆𝐺
−𝛽𝐺𝐸 −𝛽𝐺𝑆 1 − 𝛽𝐺𝐺

)

−1

∙ (

𝛾𝐸
𝛾𝑆
𝛾𝐺
)   (26) 

Given that in this case there is a single norm 𝜋𝐸 (which is a scalar), the critical norm (𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙) can be 

determined by solving a system of three inequalities: 

(

𝐻𝑚𝑎𝑥𝐸
𝐻𝑚𝑎𝑥𝑆
𝐻𝑚𝑎𝑥𝐺

) ≥ 𝜋𝐸 (

𝐾𝐸
𝐾𝑆
𝐾𝐺

)      (27) 

Consequently: 

𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 = 𝑚𝑖𝑛 (
𝐻𝑚𝑎𝑥𝐸

𝐾𝐸
,
𝐻𝑚𝑎𝑥𝑆

𝐾𝑆
,
𝐻𝑚𝑎𝑥𝐺

𝐾𝐺
 )    (28) 

Why? Because 𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 is the maximum value of the norm that keeps the system within the viability 

frontier (or in the viability domain). In other words, if this critical threshold of the norm is exceeded, 

then the system moves outside the viability frontier. 

The following observations should be made regarding those discussed previously, as follows: 

a) For a common norm across all pillars (necessary to observe how this influences the behaviour of 

each pillar individually, i.e. order or its opposite (disorder), due to the interdependencies between 

the pillars), it is sufficient to calculate the minimum; and in this context, one must stop  when the 

most fragile pillar reaches the critical threshold (it is not possible to optimise separately; rather, one 

must consider which is the weak link in the whole); 

b) The minimum of the critical norm can be understood as a safety brake for a system with a single  

control or norm; the system’s resilience is limited by the pillar with the lowest critical threshold of 

the norm; exceeding this value will take that pillar beyond its viability frontier; 

c) The system’s resilience is limited by the domain of the system’s state space, determined by the 

value of a single critical norm (the domain of the state space takes the form of an irregular triangle). 

2) for the case of expression (17): 

𝑀 = (

1 − 𝛽𝐸𝐸 −𝛽𝐸𝑆 −𝛽𝐸𝐺
−𝛽𝑆𝐸 1 − 𝛽𝑆𝑆 −𝛽𝑆𝐺
−𝛽𝐺𝐸 −𝛽𝐺𝑆 1 − 𝛽𝐺𝐺

)

−1

   (29) 

𝐾 = (
𝐾𝐸𝐸 𝐾𝐸𝑆 𝐾𝐸𝐺
𝐾𝑆𝐸 𝐾𝑆𝑆 𝐾𝑆𝐺
𝐾𝐺𝐸 𝐾𝐺𝑆 𝐾𝐺𝐺

) = (

1 − 𝛽𝐸𝐸 −𝛽𝐸𝑆 −𝛽𝐸𝐺
−𝛽𝑆𝐸 1 − 𝛽𝑆𝑆 −𝛽𝑆𝐺
−𝛽𝐺𝐸 −𝛽𝐺𝑆 1 − 𝛽𝐺𝐺

)

−1

∙ (

𝛾𝐸𝐸 𝛾𝐸𝑆 𝛾𝐸𝐺
𝛾𝑆𝐸 𝛾𝑆𝑆 𝛾𝑆𝐺
𝛾𝐺𝐸 𝛾𝐺𝑆 𝛾𝐺𝐺

)  (30) 

Given that, in this case, norms are defined for each pillar (a normative vector), the critical norms – that 

is, the maximum values accepted by the system so as not to exceed the viability frontier 

(𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙, 𝜋𝑆𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙, 𝜋𝐺𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 ) – can be determined by solving a system of three inequalities: 

(
𝐻𝑚𝑎𝑥𝐸
𝐻𝑚𝑎𝑥𝑆
𝐻𝑚𝑎𝑥𝐺

) ≥ (
𝐾𝐸𝐸 𝐾𝐸𝑆 𝐾𝐸𝐺
𝐾𝑆𝐸 𝐾𝑆𝑆 𝐾𝑆𝐺
𝐾𝐺𝐸 𝐾𝐺𝑆 𝐾𝐺𝐺

) ∙ (

𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
𝜋𝑆𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
𝜋𝐺𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

)    (31) 

Consequently: 

(

𝜋𝐸𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
𝜋𝑆𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙
𝜋𝐺𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙

) ≤ (

𝐾𝐸𝐸 𝐾𝐸𝑆 𝐾𝐸𝐺
𝐾𝑆𝐸 𝐾𝑆𝑆 𝐾𝑆𝐺
𝐾𝐺𝐸 𝐾𝐺𝑆 𝐾𝐺𝐺

)

−1

∙ (

𝐻𝑚𝑎𝑥𝐸
𝐻𝑚𝑎𝑥𝑆
𝐻𝑚𝑎𝑥𝐺

)   (32) 
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Several necessary clarifications are provided below: 

a)  When norms are defined across all pillars, they form a normative vector, and the coefficient 

matrix measuring their direct effects is complete. Accordingly, the resulting critical values 

represent the maximum admissible value of each norm. 

b) The critical values can be interpreted as multiple safety constraints in a system characterised 

by several norms. The system’s resilience is bounded by the volume of its state space, which is 

determined by the critical values of these norms. 

c) In the case of three norms, this volume takes the form of an irregular triangular pyramid. 

Intuitively, an increase in one norm displaces the corresponding vertex of the pyramid, 

requiring adjustments in the positions of the vertices associated with the other norms in order 

to preserve the stability of the structure and, consequently, the coherence of the system. 

7. The question that then arises is how the viability frontiers (𝒱𝑖)  can be determined for each 

individual entropic pillar (𝐻𝑚𝑎𝑥𝑖, 𝑖 = 𝐸, 𝑆, 𝐺). This can be derived from data (i.e. through an 

empirical estimation of the data) and may take the form of the 90th percentile (𝒫90𝑖, 𝑖 = 𝐸, 𝑆, 𝐺). 
However, we draw attention to this term known as the viability frontier (𝒱𝑖 = 𝐻𝑚𝑎𝑥𝑖). A clear 

distinction must, however, be made between two levels: the theoretical (ontological) level and the 

operational (empirical) level. From a theoretical perspective, 𝐻𝑚𝑎𝑥𝑖 expresses the maximum level 

of entropy (disorder) compatible with systemic coherence, whilst from an operational 

perspective, 𝒫90𝑖 may express an empirical approximation of this, i.e. a proxy. In other 

words, 𝒱𝑖 = 𝐻𝑚𝑎𝑥𝑖 is empirically estimated from data with the following formal expression: 𝒱𝑖 ≈
𝒫90[𝐻𝑖(𝑡 + 1)], where 𝐻𝑖(𝑡 + 1) is the forecast (residual-free) value obtained via VARX. This 

expression represents the empirically determined upper limit of the disorder tolerable by the 

entropic system. 

One further technical observation is necessary. To determine the appropriate percentile, the direction 

(polarity) of the variable must first be established. Some variables indicate more favourable conditions 

when their values decrease, as in the case of entropy, whereas others indicate more favourable 

conditions when their values increase, as in the case of ESG pillar scores. Accordingly, for the entropic 

system, the viability frontier is empirically estimated using the 90th percentile, whereas for the system 

based on ESG pillar scores, the corresponding viability frontier is estimated using the 10th percentile 
(𝒱𝑖 ≈ 𝒫10[𝐻𝑖(𝑡 + 1)] = 𝐻𝑚𝑖𝑛𝑖).   

6. Discussion  

The developments outlined above have implications at three levels and can be summarised as follows: 

conceptual, theoretical and instrumental. At the conceptual level, the distinction between sustainable 

finance, green finance and green financing highlights that the interchangeable use of these concepts is 

not merely a matter of terminology, but can have consequences for the way in which research questions 

are formulated, variables are defined in modelling, and solutions are identified. The taxonomy proposed 

in this paper positions sustainable finance as the genus, green finance as a species within sustainable 

finance, and green financing as a species within green finance. Sustainable finance is defined as a set 

of actions in the form of a prescriptive normative mechanism aimed at reducing entropy across the ESG 

pillars and having as its finality persistence over time. Green finance is a species of sustainable finance, 

distinguished by its focus on the environmental dimension and by its form as a standardised normative 

financial instrument. Green financing, in turn, is a species of green finance, distinguished by its 

operationalisation as a normative financial instrument. The three concepts are therefore not 

interchangeable. Maintaining this distinction reduces the risk of inconsistency between the theoretical 

object of the research and the variables used in modelling, thereby limiting operationalisation errors 

and, consequently, a potential source of model specification error. The distinction is not merely 

terminological, since the interchangeable use of concepts occupying different positions within a 

taxonomic structure may affect judgements, variable construction, and model specification. In this 

regard, the conceptual distinction made in this paper constitutes a necessary foundation for the 

construction of a coherent theory and a coherent model. Furthermore, this differentiation allows for the 
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separation of the general framework of sustainable finance from its particularization through green 

finance and from its concrete manifestation through green financing. 

The definitions of these concepts, formulated using the methodology described above, are expressed in 

entropic terms. Corresponding dual definitions are then formulated in business terms using ESG pillar 

scores as proxies. This duality should not be understood as implying identity between the two sets of 

definitions, but rather as establishing a link between the theoretical and observational levels. The 

entropies associated with the ESG pillars constitute theoretical constructs of the model, whereas ESG 

pillar scores serve as variables for their empirical approximation. Consequently, an increase in an ESG 

pillar score cannot be interpreted as equivalent to a reduction in entropy within that pillar. The use of 

imperfect proxies may therefore result in discrepancies between the ESG performance reported by 

companies and the evolution of entropy within the ESG vector system. 

An entropic approach is adopted because entropy provides a measure of disorder across the ESG pillars, 

reflecting a form of degradation that varies inversely with order. In addition, the three ESG pillars 

cannot be analysed independently. A reduction in entropy within one pillar (an increase in order) has 

effects on the other pillars, creating trade-offs. A normative intervention cannot be considered 

sustainable solely on the basis of its effect on a single ESG pillar; rather, the systemic effect of that 

regulation on the entire system – on the ESG entropy vector – must be taken into account. It is also 

worth noting that the evolution of one pillar may have the opposite effect on the evolution of another 

pillar. Given these situations, which take the form of trade-offs, the prescriptive normative mechanism 

in our definitions is understood as an intervention capable of altering the dynamics of the system. 

In this paper, the ESG system is represented using a three-dimensional entropic vector. For the E 

(Environmental) pillar, the entropic construct is represented by thermodynamic entropy generation or, 

equivalently, exergy destruction. For the S (Social) pillar, social entropy is operationalised using a 

Theil-type entropy index. For the G (Governance) pillar, the construct is represented by Shannon’s 

information entropy. These correspondences should not be interpreted as implying an ontological 

identity among the three types of entropy, as each operates within a different theoretical context. Their 

inclusion within the proposed theoretical framework is justified by their formal role as measures of 

specific properties of the system’s configuration. Physical, social, and informational disorder are 

therefore not treated as manifestations of the same phenomenon; rather, each dimension is represented 

by an entropic measure appropriate to its specific nature. This distinction is reflected in the clarifications 

provided throughout the paper and subsequently incorporated into the definitions of sustainable finance, 

green finance, and green financing. 

Following the conceptual definitions and delimitations, a theoretical construct is proposed: the Theory 

of Viable Sustainable Finance, which consists of linking the normative definition of sustainable finance 

to a structural condition of viability and then transposing this relationship into a dynamic model. The 

introduction of the notion of viability is not arbitrary or merely a conventional addition to the concept 

of sustainability; it is justified by the logical relationship between sustainability, persistence over time 

and viability. Consequently, sustainability cannot be reduced to a static property; it is, in fact, a dynamic 

and structural property of the system. An ESG system may have favourable scores across its pillars at 

a given point in time, but without being in a configuration capable of persisting over time. 

Given the definitions of the concepts and the structure of the theory, the Viable Sustainable Finance 

Model is subsequently developed. Constructed as a three-dimensional ESG entropic vector, the model 

enables the analytical determination of normative and structural trade-offs, capturing greenwashing, 

resilience through adaptation, and resilience through transient self-organisation. It also allows analytical 

solutions to be derived for the critical threshold of the norm in relation to the viability frontiers across 

the pillars. Furthermore, the model provides a framework for analysing the conditions under which a 

steady state exists in the ESG entropic system and for determining the viability frontiers of the 

individual pillars. These results are significant because they introduce a dynamic dimension into the 

analysis of financial sustainability. Within this analytical framework, sustainability is not reduced to 

the achievement of a particular ESG score at a given point in time, but is instead associated with the 

system’s capacity to persist over time. In this sense, the viability frontier represents the structural limit 

beyond which the system can no longer be considered sustainable. The model establishes structural 
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relationships between the components of the ESG entropy vector and the normative mechanism. VARX 

(Vector Autoregression with Exogenous Variables) is used to estimate the parameters of these 

relationships empirically from observed data. The resulting parameter estimates are naturally dependent 

on the quality of the underlying data. 

Several further clarifications regarding the limitations of the proposals developed in this paper are 

provided below. Firstly, there is the issue of the status of ESG proxies. As the status of the ESG indicator 

proxies for the pillars is not identical to the theoretical entropies, their suitability must be assessed 

empirically. Secondly, the use of the Theil index and Shannon entropy for the S and G pillars is 

conceptually and formally sound, but requires robustness tests against alternative measures. Thirdly, 

the use of generated thermodynamic entropy or, equivalently, exergy destroyed for the E pillar may be 

limited due to the unavailability of suitable physical data, thereby affecting its empirical applicability. 

Finally, the estimation of parameters in the proposed model and the determination of viability frontiers 

on the ESG pillars depend on the model specification and the properties of the data. 

7. Conclusions 

This paper develops a coherent framework for defining and delineating the concepts of sustainable 

finance, green finance, and green financing. Building on this foundation, the Theory of Viable 

Sustainable Finance and the Model of Viable Sustainable Finance are formulated to capture the 

dynamic dimension of financial sustainability. Four main contributions emerge from this framework: 

the first is conceptual and taxonomic, the second formal and normative, the third theoretical, and the 

fourth instrumental. 

The first contribution is conceptual and taxonomic. From a methodological perspective, a descriptive 

rather than formal axiomatic system is used to define the three concepts, drawing on phenomenology 

and the criteria of consistency, independence, and completeness. The three definitions are then 

successively derived using the method of proximate genus and specific difference, also known as the 

genus-and-species method. Within this framework, sustainable finance constitutes the genus, green 

finance is a species of sustainable finance, and green financing represents the instantiation of the 

standardised normative financial instrument, marking its transition into practical application. This 

distinction reduces ambiguity among concepts that perform different functions in theoretical 

construction and modelling. 

With regard to the second contribution, which is formal and normative, the definitions were constructed 

in entropic terms and then translated into dual definitions, in business terms, using ESG pillar scores as 

proxies. These definitions were then formalised using first-order logic and deontic logic. Formalisation 

via deontic logic enables these concepts to be represented by reference to the prescriptive normative 

mechanism, to the obligations associated with reducing entropy across the ESG pillars, and to the 

successive levels of standardisation and operationalisation of the financial instrument. 

As regards the third contribution, this is a theoretical one and consists of the formulation of the Theory 

of Viable Sustainable Finance. Within this theory, sustainability is linked to persistence over time, and 

persistence over time is linked to viability. Viability is regarded as a necessary condition for persistence 

over time, and persistence over time as a necessary condition for sustainable finance. Therefore, the 

term viable in the title of the theory proposed in this paper is a logical consequence of this framework 

and does not constitute an arbitrary addition to the concept of sustainable finance. 

The fourth contribution is instrumental. The proposed theory can be operationalised through the Model 

of Viable Sustainable Finance, which is constructed around a three-dimensional entropic vector 

associated with the three ESG pillars. Thermodynamic entropy generation, or equivalently exergy 

destruction, is associated with the E pillar; social entropy, operationalised through the Theil index, with 

the S pillar; and informational entropy, as defined by Shannon, with the G pillar. In accordance with 

the dual definition of sustainable finance, ESG pillar scores are treated as empirical proxies rather than 

as equivalents of the corresponding entropic constructs. The model enables the analysis of 

interdependencies and trade-offs across the ESG pillars, the establishment of analytical conditions for 

the existence of a steady state in the ESG entropic system, the analytical determination of the critical 
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threshold of the norm in relation to the viability frontiers across the pillars, and the determination of 

viability frontiers for each individual ESG pillar. 

In conclusion, sustainable finance is not treated merely as a category of financial instruments or as an 

aggregation of ESG scores, but rather as a prescriptive normative financial system. Its purpose is to 

reduce the entropies associated with the ESG pillars, while sustainability requires persistence over time 

and persistence, in turn, requires viability. 
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    J  𝒮 =  (      𝜕   H  E ( t + 1 )  𝜕   H  E ( t )    𝜕   H  E ( t + 1 )  𝜕   H  S ( t )    𝜕   H  E ( t + 1 )  𝜕   H  G ( t )     𝜕   H  S ( t + 1 )  𝜕   H  E ( t )    𝜕   H  S ( t + 1 )  𝜕   H  S ( t )    𝜕   H  S ( t + 1 )  𝜕   H  G ( t )     𝜕   H  G ( t + 1 )  𝜕   H  E ( t )    𝜕   H  G ( t + 1 )  𝜕   H  S ( t )    𝜕   H  G ( t + 1 )  𝜕   H  G ( t ) )


   (      H  E ( t + 1 )     H  S ( t + 1 )     H  G ( t + 1 ) ) =  (      𝛽  E E    𝛽  E S    𝛽  E G     𝛽  S E    𝛽  S S    𝛽  S G     𝛽  G E    𝛽  G S    𝛽  G G ) ∙  (      H  E  ( t )     H  S  ( t )     H  G  ( t ) ) +  (      𝛾  E E    𝛾  E S    𝛾  E G     𝛾  S E    𝛾  S S    𝛾  S G     𝛾  G E    𝛾  G S    𝛾  G G ) ∙  (      𝜋  E ( t )     𝜋  S ( t )     𝜋  G ( t ) )


    J  𝒩 =  (      𝜕   H  E ( t + 1 )  𝜕   𝜋  E ( t )    𝜕   H  E ( t + 1 )  𝜕   𝜋  S ( t )    𝜕   H  E ( t + 1 )  𝜕   𝜋  G ( t )     𝜕   H  S ( t + 1 )  𝜕   𝜋  E ( t )    𝜕   H  S ( t + 1 )  𝜕   𝜋  S ( t )    𝜕   H  S ( t + 1 )  𝜕   𝜋  G ( t )     𝜕   H  G ( t + 1 )  𝜕   𝜋  E ( t )    𝜕   H  G ( t + 1 )  𝜕   𝜋  S ( t )    𝜕   H  G ( t + 1 )  𝜕   𝜋  G ( t ) )


    𝜕   H  E ( t + 1 )  𝜕   𝜋  E ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   𝜋  E ( t ) < 0 ⇔   𝛾  E ∙   𝛾  j < 0 ,   j = S , G


      𝜕   H  E ( t + 1 )  𝜕   𝜋  E ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   𝜋  E ( t ) > 0 ⇔   𝛾  E ∙   𝛾  j > 0


    𝜕   H  i ( t + 1 )  𝜕   H  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   H  j ( t ) < 0 ⇔   𝛽  i j ∙   𝛽  j j < 0 ,   i ≠ j  


      𝜕   H  i ( t + 1 )  𝜕   H  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   H  j ( t ) > 0 ⇔   𝛽  i j ∙   𝛽  j j > 0 ,   i ≠ j  


    𝜕   H  i ( t + 1 )  𝜕   H  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   H  j ( t ) < 0 ⇔   𝛽  i j ∙   𝛽  j j < 0 ,   i ≠ j


    𝜕   H  i ( t + 1 )  𝜕   𝜋  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   𝜋  j ( t ) < 0 ⇔   𝛾  i j ∙   𝛾  j j < 0 ,   i ≠ j


      𝜋  j


      𝜕   H  i ( t + 1 )  𝜕   𝜋  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   𝜋  j ( t ) > 0 ⇔   𝛾  i j ∙   𝛾  j j


      𝜕   H  i ( t + 1 )  𝜕   𝜋  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   𝜋  j ( t ) > 0 ⇔   𝛾  i j ∙   𝛾  j j


      𝜋  j


      𝜋  j


    𝜋  j


    𝜕   H  i ( t + 1 )  𝜕   H  j ( t ) ∙   𝜕   H  j ( t + 1 )  𝜕   H  j ( t ) < 0 ⇔   𝛽  i j ∙   𝛽  j j < 0 ,   i ≠ j


    H  ( t + 1 ) = H  ( t ) =   H ∗


       H ∗ = B   H ∗ + Γ 𝜋   ⇒        H ∗ − B   H ∗ = Γ 𝜋      ⇒       ( I − B )   H ∗ = Γ 𝜋   ⇒     H ∗ =    ( I − B )  − 1 Γ 𝜋


     ( I − B )


  d e t  ( I − B ) ≠ 0


     ( I − B )


     ( I − B )


    𝜌  ( B ) < 1


    𝜌  ( B ) > 1


    𝜌  ( B ) < 1


    𝜌  ( B ) = m a x  {  |   𝜆 1 | ,  |   𝜆 2 | ,  |   𝜆 3 | }


    𝜆


    d e t  ( B − 𝜆 I ) = 0


   |   𝜆  i | =  R e    (   𝜆  i ) 2 + I m    (   𝜆  i ) 2


    i = E , S , G


    𝒱 = H m a x =  (      H  m a x E     H  m a x S     H  m a x G )


  𝜌  ( B ) < 1


    𝜋  


    H m a x


      H m a x =    ( I − B )  − 1 Γ 𝜋      M =    ( I − B )  − 1   K = M Γ } ⇒ H m a x = K 𝜋


    𝜋 =   K  − 1 H m a x


  M =    (      1 − 𝛽  E E  −   𝛽  E S    − 𝛽  E G   −   𝛽  S E    1 − 𝛽  S S  −   𝛽  S G   −   𝛽  G E    − 𝛽  G S  1 −   𝛽  G G )  − 1


  K =  (      K  E     K  S     K  G ) =    (      1 − 𝛽  E E  −   𝛽  E S  −   𝛽  E G   −   𝛽  S E    1 − 𝛽  S S    − 𝛽  S G     − 𝛽  G E  −   𝛽  G S  1 −   𝛽  G G )  − 1 ∙  (      𝛾  E     𝛾  S     𝛾  G )


      𝜋  E


    𝜋  E c r i t i c a l


   (      H  m a x E     H  m a x S     H  m a x G ) ≥   𝜋  E  (      K  E     K  S     K  G )


    𝜋  E c r i t i c a l = m i n  (     H  m a x E    K  E ,     H  m a x S    K  S ,     H  m a x G    K  G   )


      𝜋  E c r i t i c a l


  M =    (      1 − 𝛽  E E  −   𝛽  E S    − 𝛽  E G   −   𝛽  S E    1 − 𝛽  S S  −   𝛽  S G   −   𝛽  G E    − 𝛽  G S  1 −   𝛽  G G )  − 1


  K =  (      K  E E    K  E S    K  E G     K  S E    K  S S    K  S G     K  G E    K  G S    K  G G ) =    (      1 − 𝛽  E E  −   𝛽  E S  −   𝛽  E G     − 𝛽  S E    1 − 𝛽  S S  −   𝛽  S G     − 𝛽  G E    − 𝛽  G S  1 −   𝛽  G G )  − 1 ∙  (      𝛾  E E    𝛾  E S    𝛾  E G     𝛾  S E    𝛾  S S    𝛾  S G     𝛾  G E    𝛾  G S    𝛾  G G )


    𝜋  E c r i t i c a l ,     𝜋  S c r i t i c a l ,       𝜋  G c r i t i c a l


   (      H  m a x E     H  m a x S     H  m a x G ) ≥  (      K  E E    K  E S    K  E G     K  S E    K  S S    K  S G     K  G E    K  G S    K  G G ) ∙  (      𝜋  E c r i t i c a l     𝜋  S c r i t i c a l     𝜋  G c r i t i c a l )


   (      𝜋  E c r i t i c a l     𝜋  S c r i t i c a l     𝜋  G c r i t i c a l ) ≤    (      K  E E    K  E S    K  E G     K  S E    K  S S    K  S G     K  G E    K  G S    K  G G )  − 1 ∙  (      H  m a x E     H  m a x S     H  m a x G )


     (   𝒱  i )  


     (   H  m a x i ,   i = E , S , G )


     (   𝒫  90 i ,   i = E , S , G )


     (   𝒱  i =   H  m a x i )


      H  m a x i


      𝒫  90 i


        𝒱  i = H  m a x i


      𝒱  i ≈   𝒫 90  [   H  i ( t + 1 ) ]


      H  i  ( t + 1 )


   (   𝒱  i ≈   𝒫 10  [   H  i  ( t + 1 ) ] =   H  m i n i )

